We show that an approximate quantum-nondemolition measurement of the vibrational energy of a trapped ion in a standing wave may be made by monitoring the fluorescent intensity from a probe transition. The ac component of the mean photocurrent signal is directly proportional to the average vibrational quantum number. The power spectrum of the photocurrent also contains information on the vibrational energy, We show that the phase of the vibrational motion undergoes diffusion as expected for a quantum-limited measurement of the energy of oscillation. PACS number(s): 32.80.Pj, 42.50.Vk
I. INTRODUCTION
A trapped and laser-cooled ion, at the node of a standing wave, has recently been shown to be equivalent to the Jaynes-Cummings model, one of the paradigms of quantum optics [1] . In the Jaynes-Cummings model a simple harmonic oscillator is coupled to a two-level system in the dipole and rotating-wave approximation. If the atom is interacting with a single-mode cavity field, the harmonic oscillator is the field mode. In the trapped ion configuration, however, the harmonic oscillator corresponds to the vibrational levels of the trap. Indeed there appear to be considerable advantages in the trapped-ion realization of the JaynesCummings model over that with a cavity field mode, as the harmonic oscillator representing the vibrational states of the trap is only very weakly damped and further, the strength of the coupling between the two-level atom and the oscillator can be made very strong simply by increasing the intensity of the standing wave. Cirac et al. [1] have suggested that an observation of the collapse and revival sequence of the mean inversion in the Jaynes-Cummings model should, in the case of a trapped ion, enable a determination of the motion of the ion in the trap. This fascinating idea raises the question of whether or not a quantum limited measurement of the centerof-mass motion of a trapped ion may be made. In this paper we give a model in which a quantum-limited measurement of the vibrational energy of the ion in the standing wave may be made, using a strong probe transition coupled to the twolevel system (see Fig. 1 ).
The basic model of a trapped-ion realization of the Jaynes-Cummings model has been given in some detail by [2] . We also assume that the probe field is exactly resonant with the 1 -+3 transition. As in Ref.
[1], we assume that the two-level system coupled to the standing wave is very strongly coupled to a third probe level by an intense field with Rabi frequency A"(seeFig. 1). Fluorescence on the l I)~l3) transition is used to determine whether or not the atom is in level l 1).
The probability of finding the atom in l 1) is in turn determined by the position of the ion in the trap through the Jaynes-Cummings interaction with the vibrational states of the trap. This three-level scheme is the standard means of monitoring weak transitions in trapped ions [3] .It is also the basis for a quantum-limited measurement of a two-level transition leading to the Zeno effect [4] . In this latter context the scheme has been analyzed in some detail in Ref. [5] . Cirac et al. consider the case of a sequence of pulses applied to the l 1)~l3) transition and the absence of or otherwise fiuorescence on the strong transition indicates if the atom is in level l 1). The scheme thus represents a series of (approximate) readouts of the operator P, = l 1)(1l. (4) where y is the spontaneous emission rate on the~1)+-+~3) (strong) transition. As one expects that the transitioñ 1)~~2) will be a weak, electric-quadrupole transition [1], the right inequality will not be hard to satisfy. In this case the probe system may be adiabatically eliminated, giving the following master equation for the two-level system of interest: dp (5) where the measurement parameter I is 0 P 27 (6) The measured signal is the photocurrent produced by direct detection of the fluorescent field from the~1 )~~3) transition. The scattered field, due to this transition, may be written in terms of the dipole moment operator for that transition as [6] [1] ; however, the mechanism for coherence destruction in that paper is different from that given here and was attributed to phase noise on the probe laser. Thus the coherence decay rate I (in our notation) is different.
Equations (10) - (12) show that the measurement has no effect on the diagonal matrix elements, but causes the offdiagonal elements to decay at the rate I . For a good measurement we expect this decay to be rapid. We proceed by adiabatically eliminating the coherence operators p&2 and p2&, to obtain an approximate master equation that describes the center-of-mass motion. In contrast, Cirac et al.
[1] consider the underdamped case in which the coherence decay rate is less than the effective Rabi frequency on the two-level transition.
Solving for the steady-state coherences and substituting into the population equations we find that
where e is the effective quantum efficiency and P3(t) is the probability to find the atom in state~3 ). We shall return to a more detailed analysis of the signal and signal noise in Sec. IV. In the remainder of this section we analyze the motion of the trapped ion in the good measurement regime.
The effect of continuous observation on the ion is contained in the last term in Eq. (5). This term tends to destroy coherence between states~1 ) and~2 ), as one would expect for a readout of the population in level~1 ). This is easily seen by calculating the partial matrix elements of p in the atomic basis p, j = (i~p~j), where i, j = 1,2. 
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We now proceed to extract the physical content of Eqs. (13) and (14). In the eigenstates of vibrational quanta~n ), where a ta~n ) = n~n ), we define the joint probability P;(n) = (n~p;;~n) to find n vibrational quanta and the atom in
dPz(n) = g(2(n+ 1)P, (n+ 1) -2(n+ 1)Pz(n)).
Equations (18) 
It is then easy to see that the mean vibrational quantum number changes very little. In both cases the steady state, for large n, is 1 -P, (n, o)(1+e "«"') + P2(n -1, 0-) P, (n, t) = 4 X(1 -e «"'), n ) 0
In this case we have a measurement of the initial mean vibrational quantum number and the information can be extracted from the initial response of the signal, The time scale for a possible experiment is discussed in Sec. V. If the vibrational state of the ion is initially thermal with mean number n and the atom starts in the ground state, we find the probability to find the atom in the ground state at time t is The probability to find the atom in the ground state at time t is given by Eq. (21) [8] . Complementary to this decay of off-diagonal coherence in the number basis, the theory of continuous quantum-limited measurement suggests that the quantity conjugate to the measured quantity should undergo a diffusion process. We now show that this is indeed the case here. For simplicity we set the detuning to zero (n p22(0) m). Off-diagonal matrix elements decay at two rates. The fast rate is given by -X(+n+~m) and is due to the birth-death process previously identified for the phononnumber distribution. The slow rate -X(+n~rn) is an additional coherence decay term that becomes greater the larger the number difference between the superposed states that the coherence describes. This term ensures that the steady-state distribution is diagonal in the number basis. The steady-state density operator for the system, given that the atom starts in the ground state, is easily seen to be~Q i' ' Fig. 2 , where we plot the Q function versus real and imaginary a at increasing times.
Note that as time proceeds the initial coherent state undergoes a phase diffusion, eventually producing an annular distribution at approximately the same radius as the initial coherent state. As expected, a measurement of the number operator a~a causes the phase variable to undergo diffusion by quantum back-action noise, while the initial mean phonon number remains very nearly constant. This is consistent with our identification of the measurement scheme as an approximate QND measurement of the vibrational energy of the trapped ion.
IV. SIGNAL AND NOISE
In Sec. III we demonstrated that the probability to find the atom in the ground state at time t is proportional to the average vibrational quantum number of the trapped atom at the same time. However, we do not observe p, (t) directly.
The actual signal is a photocurrent produced by monitoring the Auorescent light from the probe transition. The mean photocurrent is proportional to the probability to find the atom in state~3 ), Eq. (9) . However, in the adiabatic approximation used in this paper, we may write this more directly in terms of the probability to find the atom in state~I ) (see [5] ),
where, as previously, e is the quantum efficiency and I = A"/2y is the measurement parameter. Using Eq. (22) and assuming the atom starts in the ground state~1 ), we have that
This equation indicates that, on top of a dc current, there is a fluctuating photocurrent directly proportional to the instantaneous mean vibrational quantum number. The dc background is determined by the initial mean vibrational quantum number.
To estimate the noise in the signal we can calculate the variance in the photocurrent or, more usefully, the spectrum In an experimental context a more useful quantity than the variance is the power spectrum of the current fluctuations.
We are thus led to consider the stationary two-time correlation function [7] 0.6 ' 0.4 
where i =2I ep, (~) is the stationary current and p, ss (7) is defined by In the frequency domain the short-time approximation corresponds to large frequencies. Thus for co&)4y(n(0)) we find This is a Lorentzian, above the shot-noise background, centered at co=0 with height proportional to n and width proportional to y . Finally, we consider the case of an initial coherent state of vibrational motion in which case the phonon-number distribution is Poissonian and is given by 0.6 ' 0.4
s (0) where (n(0)) is the initial mean vibrational quantum number. As expected, the initial mean vibrational quantum number can be determined as a noise component above the shot- This term may be neglected provided yh&& y, which requires This is a low, broad Lorentzian, above the shot-noise background and centered at zero frequency.
In Fig. 3 we plot the normalized spectrum defined by (6o)
for an initial thermal distribution of vibrational energy, and 4y= 1. As the ion is cooled, the spectrum approaches the flat shot-noise characteristic spectrum. In Fig. 4 If this is combined with Eq. (4), it indicates that rg"(&1.For the parameters used above this would require g"(&rg, which may be difficult to achieve in practice. The difficulty may be overcome by only switching on the probe field for a short time. This suggests a pulsed probe field might be a better way to extract the information. A pulsed probe field would require a very different treatment to that presented in this paper.
In this paper we have proposed an approximate quantumnondemolition measurement scheme for measuring the vibrational energy of a trapped ion in a standing wave in the Lamb-Dicke limit. By measuring the fluorescent intensity in a strong probe transition coupled to one of the levels, a direct determination of the number of vibrational quanta can be made. Current experiments on laser-cooled trapped ions suggest that such a QND measurement is possible with available technology. 
where P(n) is the probability for a photon to be scattered in direction n, ni = k. n/k is the projection of the recoil direction on the standing-wave axis, Xi = a+ a is the dimensionless position of the ion, and y~i s the Lamb-Dicke parameter for the probe transition. Expanding to second order in y", the effect of recoil on the center-of-mass motion is described by the term (p")hept y"(2~p»~+2ap»~" -(a o, p»j -(«", p»j)
If we now transform to the interaction picture for the vibra- 
